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We consider the random walk on a simple point process on R'', 
d>2, whose jump rates decay exponentially in the a-power of jump 
length. The case a — 1 corresponds to the phonon-induced variable- 
range hopping in disordered solids in the regime of strong Anderson 
localization. Under mild assumptions on the point process, we show, 
for a € (0,d), that the random walk confined to a cubic box of side 
L has a.s. Cheeger constant of order at least and mixing time of 
order L^. For the Poisson point process, we prove that at a = d, there 
is a transition from diffusive to subdiffusive behavior of the mixing 
time. 

1. Introduction. We consider the following model of a random walk in 
random environment. We let ^ denote the realization of a simple point pro- 
cess on M'^, d>2, and identify ^ with the countable collection of its points. 
We study the continuous-time Markov chain with state space and with 
jump rate from x to y given by a negative exponential of the Euclidean 
distance to some power a > 0: 

(1.1) r,,^ = e-l--^l", x/yin^ 

The canonical examples are obtained when ^ is the realization of a homoge- 
neous Poisson point process, but our assumptions on the environment will 
allow more general processes. We consider the random walk obtained by 
confining the particle to a cubic box A^, C M*^ with side L, that is, the ran- 
dom walk with rates (1.1) on : = ^ H A^. There are two natural processes 
associated with the rates (1.1), defined as follows. Set Wx := Z]j/G?z,\{a:} '''x,y, 
X G ^L. In the first model, the particle at x waits an exponential time with 
mean 1/wx and then jumps to some y £ {x} with probability Vx^y/wx- 
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In the second model, the particle at x waits an exponential time with mean 
1 and then jumps to y G \ {x} with probability r^^y/wx- While the first 
model has a uniform stationary measure, in the second model, the station- 
ary measure is given by the weights Wx (see below). Our main results will 
concern both models, showing that they essentially share the same features. 

If ^ is the regular grid Z"^, then it follows from well-known facts that the 
Cheeger constant or conductance of the Markov chains defined above is at 
least of order and that the mixing time is of order (see, e.g., [25]). We 
shall show that, for dimension d>2, a < d, these diffusive-type estimates 
continue to hold in our setting for typical realizations of the underlying 
point process. We establish our results by way of estimates on the so-called 
isoperimetric profile of the random walk. This will be achieved by combin- 
ing stochastic domination and percolation techniques. Similar results have 
recently been obtained in the case of a random walk on the supercritical per- 
colation cluster [2, 20]. The case a> d, with ^ a Poisson point process, will 
be shown to be subdifFusive in the sense that Cheeger's constant is smaller 
than any inverse power of L, thus implying that the mixing time is larger 
than any power of L. In the critical case a = d, we find a transition from 
subdiffusive to diffusive behavior of the mixing time as the intensity of the 
process increases. In a separate work [6], we analyze the one-dimensional 
case in detail. Before describing our results, let us add a few more lines to 
motivate our work. 

In recent work [10], a variant of the first model with a = 1 has been 
studied, where each point x G ^ is given an independent random energy Ex 
and the rates in (1.1) are multiplied by a Boltzmann-type factor involving 
the initial and final energies Ex,Ey, at inverse temperature /?. This can be 
seen as a model for the study of the phonon-induced hopping conductivity 
observed in disordered solids in the regime of strong Anderson localization. 
Points X € correspond to impurities of the solid and the quantum elec- 
tron Hamiltonian has exponentially localized eigenfunctions with localiza- 
tion centers x if the corresponding energy Ex is near the Fermi level. The 
DC conductivity of such materials would vanish if it were not for lattice 
vibrations (phonons) at nonzero temperature. These induce transitions be- 
tween the localized eigenstates, whose probability rate can be derived from 
the Fermi golden rule. Due to the localization, one can think of electrons 
as classical particles. Moreover, at large P and within a mean field approx- 
imation, the resulting stochastic hopping dynamics is given by the random 
walk mentioned above. We refer to [10] and references therein for a thorough 
discussion of the physics behind the model. 

Under suitable assumptions on the underlying point process, the authors 
of [10] obtain an invariance principle for the random walk and prove, in 
dimension d > 2, a lower bound on the effective diffusivity which coincides 
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with the prediction of Mott law, that is, a power-law behavior of the loga- 
rithm of conductivity as a function of (3. An upper bound in agreement with 
Mott law is proved in [9]. 

The invariance principle of [10] is based on classical homogenization re- 
sults [8] which allow one to prove that the law of the rescaled random walk 
converges to the law of a Brownian motion, in probability, with respect to 
the environment. To prove almost sure convergence, a different approach 
is required; see [4, 18] for two different ways of obtaining the almost sure 
invariance principle in the case of a random walk on the supercritical per- 
colation cluster. The situation in our continuum model is slightly different 
and we shall come back to the almost sure convergence problem in future 
work. One of the byproducts of the isoperimetric inequalities we establish 
in the present paper is the almost sure Poincare inequality for finite boxes 
which, according to the approach of [18], may be seen as a first step in the 
program of proving an almost sure invariance principle. In this context, the 
introduction of the energy marks Ex at the points x G ^ does not cause 
any additional technical difficulty and we will restrict our attention to the 
model defined by (1.1) corresponding to the case of all energies being 
equal. We remark that, in contrast with the one-dimensional case [6], for 
d > 2, an invariance principle with positive effective diffusion constant may 
well hold, even in the absence of diffusive bounds for the Poincare constant; 
see [5, 19] for recent interesting developments on Z'^ random walks among 
random conductances. 

Finally, we point out some technical features of the random walks consid- 
ered here that make their analysis somewhat subtle, especially for a fixed 
environment: The random walk is genuinely nonuniformly elliptic, the par- 
ticle can perform arbitrarily large jumps and, when visiting a very isolated 
region of ^ (with at least two points in the second model), spends much 
time there, but, when leaving such a region, performs a very long jump. 
This trapping effect will become particularly clear in the analysis of the 
random walk on a Poisson point process, where the transition from diffusive 
to subdiffusive behavior of the mixing time comes from trapping in isolated 
regions. 

1.1. Main results. The main assumptions on the point process are as 
follows. We consider a simple point process V on W^, d>2, that is, a prob- 
ability measure V on the set Q of locally finite subsets ^ of M'^, endowed 
with the cj-algebra T generated by the counting variables A'a : ^ — > #(^ n A) 
(cardinality function), A a bounded Borel subset of M'^. We refer to [7] for 
a basic reference on point processes. 

We write V*^p if V is the homogeneous Poisson point process with intensity 
p > 0. Given a realization of the point process and a bounded Borel subset 
A C M"^, we shall often write '^(A) = A^a(^) for the number of points of ^ 
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belonging to A. For any K G M^., we write Qk = [0,i^)'^ for the cube of 
side K in M*^. Consider the partition of into translates of Qk^ that is, 
= UxeZ'* Bx : = xK + Qk, and declare a box good iff Ci^x) > 1- 
The configuration of good boxes may be described by the random field a = 
a{K) := {(Tx{0}xGZ'i defined by 

(1.2) cT,(0:=x(e(i?x)>l), 

where x(^) denotes the indicator function of the event A. We can now state 
our main assumption. 



Assumption (A1). We say that V satisfies Assumption (Al) if, for 
every < p < 1, there exists K G M_|. such that the random field cr(i^) defined 
in (1.2) stochastically dominates the independent Bernoulli process on Z"^ 
with parameter p. 

We recall that the above statement is equivalent to saying that we can 
construct the process a = (j{K) and the independent Bernoulli process Z 
on TJ^ with parameter p on the same probability space in such a way that 
o"x > Zx almost surely. We refer to [15] for more on stochastic domination 
by Bernoulli product measures. 

It is easy to check that "P^^p satisfies Assumption (Al) for any p > 0. We 
shall see (in Section 5) that this assumption is also satisfied by processes 
with nontrivial correlation structure, provided a suitable mixing condition is 
satisfied. We will also consider the stochastic order between point processes 
defined in the standard way (see, e.g., [12]). For two processes V,V', we 
write V' if V is stochastically dominated by V. This is equivalent to 
the existence of a coupling of the fields V, V' such that, almost surely, ^' C ^, 
with (^,^') denoting the random sets with marginal distributions given by 
V and V' , respectively. In particular, it follows that if there exists p > such 
that V ^'P*,p, then V satisfies Assumption (Al). 

For every L G N, A/, is the cubic box centered at the origin and denotes 
the restriction of the process to Ax, that is. 



A, 



L L 
2' 2 



d 



a = enAL. 



Before stating the results, we need another regularity assumption which 
guarantees that local fiuctuations in the number of points are not too large 
in our process. For every bounded Borel set A C M'^, define 

(1-3) ra{0= E E^"'''"''"- 



We shall consider, for e G (0, 1), the cubes Vx := L'^x + [0, L^Y, x G Z'^, with 
side . We write Jl for the set of x G Z'' such that 14 n A^ / . 
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Assumption (A2). We say that V satisfies Assumption (A2) if, for all 
e S (0, 1), there exists C < cxo such that "P-almost surely 

(1.4) Rv,<CL"^ yxeJi, 
for L sufficiently large. 

Here, and in all our statements below, we use the following convention: 
Given a sequence of events {El}l^^, we say that Ei holds V-a.s. for L 
sufficiently large if there exists Qq with P(r2o) = 1 such that for every £ 
Qq, there is Lo(0 < oo such that £, € El for all L e N with L> Lq{^). In 
particular, the statement (1.4) says that if we define the event 

EL = {^:RvAO<CL'^,yxeJL}, 

then El eventually holds P-almost surely. Assumption (A2) is satisfied by 
Poisson point processes (see Section 5) and therefore by any process V such 
that V :< V^^p for some finite intensity p. 

Let us remark that a consequence of Assumptions (Al) and (A2) is that 
there exists C < oo such that the inequalities 

(1.5) C~^L'^<^{Al)<CL'^ 

hold "P-a.s. for L sufficiently large, where is the number of points of ^ 

in Al- Indeed, the lower bound is a simple consequence of Assumption (Al), 
while the upper bound follows immediately from Assumption (A2) and the 
obvious fact that RAiO ^ C(^) fo^' ^-^y bounded Borel set A C W^. 

We now define the random walk models to be considered. In addition to 
the two natural models previously discussed (which correspond, resp., to 
cases i = 1 and i = 2 below), we find it useful to introduce a third model. 
For i = 1, 2, 3 and x,y £ ^l with x ^ y, we define 



C\x,y)-- 



(1.6) 




i = l, 
i = 2, 



-\x-z\^ 



On the diagonal, we set C'^{x, x) = — J2ze^L ■ z^^x ^^{x, z). For each i = 1, 2, 3, 
we write XI = XI{^l) for the continuous-time Markov chain with state space 
S,L and infinitesimal generator D{x,y),x,y E ^l- Setting 

(1.7) ^\x):= ''^^ . , xea, 

EzG^ Wz 
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we obtain a symmetrizing probability for the matrix O and therefore the 
reversible probability measure for X\ is given by v'^ . Note that is uniform: 

For any nonempty subset U C we define '■ = S,L \ U. The constant 
11; , i = 1,2,3, is given by 

With the notation 

(1.9) W\U):=Y.wi, 



we obtain 
(1.10) 



^~ W'{U) 



Ijj is sometimes called the conductance of the set U for the Markov chain 
associated to £*. For t G (0, 1), the isoperimetric profile (p\{t) is defined by 

(1.11) H^Ut)-= inf 4(0- 

U<l^L--W^{U)<tW^{^i^) 

Cheeger's constant is defined by := V9^(^). 

Theorem 1.1. Assume Assumptions (Al), (A2) anda<d, d>2. For 
every i G {1, 2, 3} and every e > 0, there exists 6 > such that, V-a.s., 

(1.12) ^^^(t)>5nrin{-l,^}, Q<t<\ 

for all L sufficiently large. In particular, Cheeger's constant satisfies, V-a.s., 

(1.13) > 51-^^ 
for all L sufficiently large. 

Recall that when ^ coincides deterministically with Z'^, the standard 
isoperimetric inequality implies that f\^{t) > St~^^'^L~^ for any < t < ^ 
(see, e.g., [25]). Theorem 1.1 shows that, up to scales that are smaller than 
any power of L, these estimates continue to hold in our three models. 

The Poincare constant J^{L), i = 1,2,3, is defined by 

(1.14) y(L):= sup 
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where Varj(/) denotes the variance z^*(/^) — z^*(/)^ and 8i denotes the Dirich- 
let form 

(1.15) £:{f) = \ E y\x)C\x,y){f{x)-f{y))\ 

7*(L) is also known as the relaxation time and it coincides with the inverse 
of the spectral gap of the generator Indeed, — is a nonnegative definite 
matrix and its smallest nonzero eigenvalue \\ (the spectral gap) is given by 
\\ = 1/Y'{L). The estimate (1-13) of Theorem 1.1 and an application of stan- 
dard estimates (see Section 3) together imply that, assuming Assumptions 
(Al), (A2) and a < d, there exists C < oo such that, "P-a.s., 

(1.16) f (L) < CL^ 

for all L sufficiently large, for all i = 1,2,3. The Poincare inequality (1.16) 
gives us some information on the speed with which the law of the random 
walk XI converges to the invariant distribution . Namely, let 

(1-17) Hi{x,y) = Y.-{CT{x,y) 

n=0 

denote the kernel of the random walk, that is, the probability that XI = y 
conditioned on Xq = x. We define the (uniform) mixing time t^{L) by 

i, ^ f \HHx,y)-vHy)\ 1 

1.18 rVL =inf t>0: sup ' , — 

Well-known bounds (see, e.g., [25]) then allow us to estimate 

(1.19) r^(L) <y(L)(l+ log 1), 

where vl := min^^^j^ {x) . We shall see (Section 3.1) that under Assump- 
tions (Al) and (A2), for a < d and e > 0, we can deduce the uniform almost 
sure bound ul > 6L~'^~^ for some constant 5 > 0. From (1.16), we then ob- 
tain that, for some C < oo, "P-a.s., 

(1.20) T\L)<CL^\ogL 

for L sufficiently large, i = 1,2,3. 

Note that this estimate is only based on the bound (1.13) for Cheeger's 
constant. Theorem 1.1, however, shows that small sets can have a larger 
conductance. As first observed by Lovasz and Kannan [16], this fact can be 
used to obtain better bounds on the mixing time than (1.19). We will use 
refinements of this idea, recently obtained in [11, 21], to show that Theorem 
1.1 implies the following improvement on (1.20). 



8 



P. CAPUTO AND A. FAGGIONATO 



Theorem 1.2. Assume Assumptions (Al), (A2) and a < d, d>2. There 
then exists C <oo such that, for every i = 1,2,3, V-a.s., 

(1.21) t\L)<CL^ 
for all L sufficiently large. 

Note that (1-21) is a strengthening of the estimate (1.16) since we always 
have (see, e.g., [25]) 

(1.22) y(L)<Cr*(L). 

Remark 1. Under suitable assumptions, one can show that the bound 
in Theorem 1.2 is tight up to constant factors. For instance, consider model 
1 (i.e., i = 1) and assume that (1.5) holds "P-a.s. for L sufficiently large. Set 
f{x) = |x| in (1.14) and define Ai := and A2 := J^3l/4 so that 

E (/(^)-/(y))'>2 E E (N-M)' 

(1-23) 

>^[A,)aAL\A2)^. 

Suppose that there exists c> such that, V-a.s., 

(1.24) aAinAL\A2)>cL^'' 

for L sufficiently large. Note that (1.24) always holds under Assumption 
(Al). Equations (1.23) and (1.24) then imply that Vari(/) > cL^ for some 
constant c> 0. Suppose, further, that there exists C < 00 such that, 7^-a.s., 

(1.25) E e-\--y\"i\x\-\y\f<CL^ 

for L sufficiently large. Then, £i{f) < C . It follows that there exists 5 > 
such that, P-a.s., 

(1.26) -i^{L)>5L^ 

for all L sufficiently large. Prom (1.22), we derive the same estimate for 
r^(L). It is easy to check that (1-25) holds if, for example. Assumption (A2) 
is known to hold for all a > 0. Indeed, 



e 



-\-y\Wx\-\y\f<Ce-\'^-y\'''\ 



The estimates in (1.16), Theorem 1.2 and (1-26) can be interpreted as the 
validity of diffusive behavior for the mixing time in the case a < d, d>2. Let 
us now turn to a discussion of the case a>d>2. We restrict our attention 
to homogeneous Poisson point processes V = "P^.p, but the same proof allows 
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us to establish analogous results in a larger class of models including, for 
example, diluted lattices. Points (1) and (2) below give subdiffusive estimates 
on the Poincare constant 7*(-Z>) which, by (1.22), can be turned into estimates 
on T*(-L). From points (2) and (3) below, we see that ii a = d, for V = 'P*,p, 
there is a transition from subdiffusive to diffusive behavior as the intensity 
p is increased. 

Theorem 1.3. For i = 1,2,3, we have the following: 

(1) a> d. For every p> 0, for any 6 > 0, 

(1.27) Y{L)>L^/\ 

V^^p-a.s., for L sufficiently large. 

(2) a = d (small density). For every 5 > there exists po>Q such that, 
for any 0<p< po, 

(1.28) y(L) > L^/\ 

Vif^p-a.s., for L sufficiently large. 

(3) a = d (high density). There exist C < oo and pi < oo such that, for 
any p > pi, 

(1.29) t\L) < CL^, 
Vif^p-a.s., for L sufficiently large. 

The rest of the paper is organized as follows. In Section 2, we prove 
Theorem 1.1. Theorem 1.2 is proved in Section 3. In Section 4, we prove 
Theorem 1.3. In Section 5, we discuss examples of point processes satisfying 
the assumptions required in the main statements. In Appendix A, we prove 
that Assumption (A2) is satisfied by the homogeneous Poisson point process, 
while in Appendix B, we collect some preliminary results on Bernoulli site 
percolation. 

2. Isoperimetric inequalities. 

2.1. The basic construction. We shall partition the space according 
to three different scales: K, L^, Cvi/(log-L)^/'^, where e > is a small constant 
and Cw are suitably large constants (independent of L). Accordingly, we 
will denote by the cubes of side K (as in the previous section), by Vx the 
cubes of side U and by Wx the cubes of side Cvi/(logL)^/'^. These are all 
assumed to be of the form ax + [0,0)^^, x G Z"^, for a = iT, L^,Ciy(logL)^/'^, 
respectively. At the cost of replacing a with (L/2)/[(L/2)/aJ = a(l + o(l)), 
with some abuse of notation, we assume that the box A^ is partitioned by 
the a-cubes. 
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2.1.1. The cluster of grey cubes. Let us look at the partition into K- 
cubes Bx- As in the Introduction, we call a cube Bx such that i{Bx) > 1 
good. On the same probability space of the point process, we consider the 
independent Bernoulli process which assigns to a box Bx the color grey 
with probability p and the color white with probability I — p. From our 
Assumption (Al), we may assume that whenever a cube Bx is grey, it is 
also good. A collection of cubes is said to be connected if any two cubes 
Bx,By belonging to it can be joined by a path of adjacent cubes, where two 
cubes Bz and B^^/ are said to be adjacent if their centers are at distance K. 
We denoted by the largest connected component of grey cubes Bx such 
that Bx C A^; see Figure 1. This is well defined since, with probability 1, 
there is eventually a unique cluster with maximal cardinality if p < 1 is 
sufficiently large, as will be assumed below (see, e.g., [13] or Appendix B). 
We refer to Cl as the cluster of grey cubes. 

2.1.2. Density of the cluster of grey cubes. We shall need the following 
consequence of Assumption (Al). Let {T4}xeJi denote the partition of Al 
by means of L^-cubes. There then exists 6 > such that if K is sufficiently 
large, then, V-a.s., 

(2.1) |CLnK.| >(5L^'^ VxgJl 

for all L sufficiently large. Here, \Cl H Vx\ stands for the volume of the 
intersection as a subset of M'^. 

Due to Assumption (Al), the grey iC-cubes correspond to a Bernoulli 
site percolation with parameter p that can be taken arbitrarily close to 1 by 
choosing K large. Hence, it is enough to check the above result for Bernoulli 
site percolation with p <1 sufficiently large. This is done in Appendix B. 

Another consequence of Assumption (Al) is that every Cw^(logL)Vrf-cube 
Wx in the partition of Al must contain at least one grey K-cuhe B^ and 




Fig. 1. A realization of the point process in Al and the cluster of grey cubes Cl- 
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hence at least one point of ^l. Indeed, the probabihty that there exists one 
cube Wx C Al containing no grey K-cuhe is bounded from above by 

which is summable in L G N if Cw is sufficiently large. The Borel-Cantelli 
lemma then shows that, almost surely, every Wx d Al eventually contains 
at least one grey -ftT-cube. 



2.1.3. Isoperimetric inequality for Cl- As shown in [2] and [20], if p is 
close to 1, it is not very hard to establish good isoperimetric bounds for 
the percolation cluster. We shall now state these estimates explicitly in our 
context. 

For any collection A C Cl of -ftT-cubes, we define dA as the collection 
of K-cubes By such that By G Cl \ A and By is adjacent to some K-cuhe 
belonging to A. \A\ and \dA\ will denote their respective volumes as subsets 
of R'^. 



Lemma 2.1. For suitably large values of the constant K, the follow- 
ing holds. There exist positive constants k,C such that, V -almost surely, 
for L sufficiently large, every collection A C Cl such that ^\Cl\ > |^| > 
C(logL)'='/('^-i) satisfies 

(2-3) W>'^ 



A\ - \A\^I'^' 

Since grey cubes form a Bernoulli process with parameter p that can be 
taken to be close to 1 (by choosing K suitably large), the proof of Lemma 
2.1 follows from Lemma 2.6 of [2]. 

When the collection A is such that < |^| < C(logL)'^/('^~-'^), we simply 
observe that since dA is nonempty, \dA\ > K'^ and therefore 

. , \dA\ K'^ 

(2-4) W- > 



\A\ - C {log Ly/id-i) 



Together with Lemma 2.1, this shows that for any AcCl such that ^\Cl\ > 
1^1 > 0, we have 

(2.5) -i>Kmin 



\A\ - (logL)'^/('^-i) 
for a suitable constant k> 0. 
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2.2. Proof of Theorem 1.1. We are given an arbitrary set U G £,l with 
W'{U) < ^W\Cl) and we have to estimate 

where stands for the complement w.r.t. ^l, that is, If^ = U. 

We denote by 5" = S(U) the set of cubes G Cl which intersect U (see 
Figure 2): 

(2.7) S = {B,£CL:B,nU^0}. 

Also, we let T = T{U) denote the set of cubes Bx G Cl which intersect V^: 

(2.8) r = {B, GCiiS.nf/V^I- 
Roughly speaking, the idea of the proof will be to exploit as much as possible 
the isoperimetric estimates for the region as a subset of Cl (Lemma 2.1). 
We shall consider two separate cases, according to whether W^{U) > ^\S\ 
or W^{U) < 7|5|, where 7 is a suitably large constant to be fixed below. If 
W^{U) > ^\S\, we show that, in this case, the set U contains islands, whose 
number is [neglecting 0{L^) corrections] proportional to VF*(C/) and each of 
which contributes at least to the numerator in Iljj. If Vl^*(C/) < 7|S'| and 
the set S is not too large, we can essentially rely on Lemma 2.1. Finally, it 
will remain to discuss the case when S is large in Cl (e.g., S = Cl)- In this 
case, either the set T is large as well, in which case we must have S OT 
large and this produces a large numerator in In, or T is small compared to 
VF'(C/'^), in which case things will be handled as in the case W^{U) > ^\S\ 
discussed above, by switching from U to U^. 




Fig. 2. Consider the same realizations ^l,Cl as in Figure 1. To mark the chosen set U , 
we use o for points in U and • for points in U" . Two different choices of the set U are 
depicted above. In each case, the set S GCl is given by the union of the darker cubes. 
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Fig. 3. Two special cubes, strong (left) and weak (right). 
2.2.1. The case W'{U)>j\S\. 

Lemma 2.2. For every e > 0, there exists a constant 7 < oo such that, 
V-a.s., for L sufficiently large, we have 

(2.9) l\j > 
for all UC^L such that W'{U) > 7|5|. 

Proof. Observe that, from definitions (1.3) and (1.9), we have Ra > 
W^{A) for every bounded set A, for every i = 1, 2, 3. Recah the definition of 
the L'^-cubes Vx- Let m denote the number of cubes Vx such that U CiVx ^ . 
Such L^-cubes are called special. Since Rv^iC) ^ W'^{Vx), by Assumption 
(A2), we may assume that W^iVx) < CL^*^ for ah Vx in the partition of A^, 
so 

(2.10) "^^CZ^ 

for some constant C < cxo. Special cubes Vx are classified as either strong and 
weak according to whether, besides points of U, they also contain points of 
U^. Namely, a special cube V is called strong if V D ^ and weak if 
VnU'' = 0; see Figure 3. 

Suppose 14; is a given weak special cube. Since V^ Ci = , we must 
have 



(2.11) 



snv^ = CLnv^, 



where, with some abuse of notation we identify a collection of cubes with 
their union. Indeed, if By is a if-cube with By £ V^ Ci Cl, then we must 
have n ^i, 7^ and BynU'' = 0, hence BynU^0 and therefore By£S. 
Thus, by the density property (2.1), we have 

(2.12) \SnV^\>6L"^ 
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for some constant 5 > 0. Letting nii denote the number of weak special cubes 
in Al and summing the contributions (2.12) of each weak special cube Vw, 
we obtain 

(2.13) |5| > 5miL^'^. 

We now observe that there are more strong special cubes than weak special 
cubes, that is, that mi < m/2. Indeed, otherwise, from (2.10) and (2.13), we 
would obtain 

(2.14) |5|>5|L^^>^W-Xt/), 

which contradicts W^{U) > 'j\S\ if 7 is sufficiently large. 
Let Vs be a given strong special cube. We claim that 

(2.15) e-l^-J'l" > e"^('°si^)"'" 

xGUnVs, 

for c := (2\/dCvF)"- To establish (2.15), it is sufficient to show that we can 
find two vertices x,y GVg such that x ^ U , y E and |x — y| < 2\/dCvy(logL)^/'^. 

The two points x and y with the above property can be found as follows. 
Let {Wi} denote the collection of CH/(logL)^/''-cubes Wi such that WiCVs- 
Since Vs C A^, from (2.2), we know that each of the cubes Wi contains 
at least one point of Moreover, by the definition of a strong special 
cube, we know that Vs contains a point z £ U and a point z' G U^. Let 
z = zq, zi, . . . , Zn = z' denote a path joining the two points z,z' , such that: 

(1) Zi £ for every i = 1, . . . , n - 1; 

(2) \zi - Zj+il < 2\/dCvy(logL)^/'^ for every i = 1, . . . ,n — 1. 

Such a path exists, since each of the cubes Wi contains at least one point 
of Let k = mm{i >l:zi£ U^}. The needed points x,y are obtained by 
setting X := Zfc-i, y := z^- This completes the proof of (2.15). 

From (2.14), we know that there are at least m/2 strong special cubes. 
Restricting to strong special cubes Vs and using (2.15), we can then estimate 

(2.16) J2 e~\^~y\">Y, E e-l"-^l" >-e-=(i°s^)'^^'. 
xeu,y&U'= Vs xeunVs, ^ 

yev^nVs 

Since q < d, we can estimate e~'^('°s-^)"'''' > . Using (2.16) and (2.10), we 
see that for every e > 0, for any L sufficiently large. 

This completes the proof of Lemma 2.2. □ 
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Remark 2. We point out that the proof of Lemma 2.2 never used the 
fact that W^{U) < ^W^{£^l)- This will be needed in the remainder of the 
argument below. 



Remark 3. Also, we note that (2.17) is the only piece of the proof using 
the assumption a < d. In fact, the same estimate as in (2.17) would hold 
in the case a = d if one could choose the constant c arbitrarily small. Since 
c = {2VdCwT, this can be achieved by taking Cw small. However, the 
constant Cw niust be sufficiently large in order to guarantee that, almost 
surely, all Ci4/(logL)^/'^-cubes Wx C Al are occupied by at least one point 
of ^, for L sufficiently large; see (2.2). These observations will be used in the 
proof of Theorem 1.3. 



2.2.2. The case W'{U)<-/\S\. 



Lemma 2.3. Let e,j be the constants appearing in Lemma 2.2. There 
then exists 6 > such that, V-a.s., for all L sufficiently large, we have 

(2.18) Lij>6mm{L-',W'{U)~^/'^} 

for all UcCl such that W\U) < 7|5| and W'{U) < ^W'{^l)- 

Proof. From our basic construction, any K-cuhe in 5 has at least one 
point in U and any A'-cube in \ 5" has at least one point in U'^. Therefore, 

(2.19) e-^'^-y^" >Sm8ix{\dS\,\d{CL\S)\}, 

x&U,y&U'' 

where 6 = 6{d,K,a) is a positive constant. 

We now prove our claim under the assumption that IS*! < alC^j for some 
given constant a S (^,1)- We will remove this restriction afterward. In this 
case, we have 

W\U) < 7|5| < 7min||5|, ^|Ci \ 

Setting S* = Sif \S\ < ^\Cl\ and 5# = Cl \ 5 if \S\ > ^\Cl\, from (2.19), we 
obtain 

f2 20) ^ ^(l-a) |a5#| 

Using (2.5), we conclude that 
k5{1 — a 



2.21) In > min\ - — ,, , , , 

^ ^-70 (logL)'^/('^-i) 
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Next, we claim that 

(2.22) \S\<CW\U). 

For i = 1, we have W^{U) = #(i7) and, since there is at least one point 
of U in each cube of S, we have l^l < K'^^{U). For i = 2, observe that 
for every x £ U Ci S , there exists y G \ {x} such that \x — y\ < C for a 
constant C = C{K,d). Indeed, let B denote the -fC-cube such that x £ B 
and let B' denote a cube adjacent to B in Cl. Then, by construction, B' 
contains at least one point y £ ^l- Therefore, w"^ > e~l^~^l" > =: c for 
every xeUnS.lt follows that W'^{U) > W^{SnU) > ci^-'^|5|. Finally, for 
i = 3, simply use the fact that W^{U) > W^{U). This proves (2.22). 
Since < using (2.22) and (2.21), we arrive at the bound 

(2.23) Ih > ^^^^^ minj^^.J^^^/^, }■ 

This proves the claim (2.18) under the assumption \S\ < a|Ci|. 

We must now remove the latter restriction. In particular, nothing prevents 
our set S from coinciding with Cl- Suppose, then, that \S\ > a\CL\. Let T 
denote the set defined by (2.8) and assume that |T| > 2(1 — a)|CL|. Then, 
\Cl \T\< (2a - 1)\Cl\ and \S\ < |5 n T] + (2a - 1)|Cl|. Therefore, in this 
case, 

(2.24) \SnT\>{l-a)\CL\. 

Clearly, any cube By e S DT contains at least one point of U and at least 
one point of U^. Therefore, 

(2.25) >(5i|SnT|, 

x£U,yeU'' 

where 6i = 6i{d,K,a) is a positive constant. Now, VF*(C/) < 7|5| < 7|Cl| 
and, therefore, (2.24) and (2.25) imply that 

(2.26) /^>^(i_a). 

The bound (2.26) was obtained using \T\ > 2(1 — a)|CL|. If, on the con- 
trary, |r| < 2(1 — a)|CL|, then observe that, as in (2.22), we have the bound 
W^{^l) >c\Cl\ for some positive constant c and therefore 

(2.27) wHU^)>Iw\^l)>^\Cl\>^- ^ 



2 ' - 2' ' 4 (1 - a)' ' 

Therefore, W^{U'^) > 7|T| if a is sufficiently close to 1, where 7 was fixed in 
Lemma 2.2. 

Now, since W'{U) < W'iU") [because W'{U) < ^W'{Cl), by assumption], 
we have Iff > Ihc- Moreover, the collection of X-cubes T is, for the set Lf^, 
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exactly what S is for U; see (2.7) and (2.8). As discussed in Remark 2, 
we can repeat the argument of Lemma 2.2 with U replaced by V and S 
replaced by T since that argument applies, despite the fact that we now 
have W'iU'') > ^W'{£,l). Using the bound W'iU'') > -f\T\, we can therefore 
estimate 

(2.28) 4 > III- > 

This completes the proof of Lemma 2.3. □ 



2.2.3. Conclusion. To finish the proof of Theorem 1.1, we need only 
gather the estimates in Lemmas 2.2 and 2.3 to obtain that, for every i = 
1,2,3, for arbitrary e > 0, there exists c > such that, "P-a.s., for all L 
sufficiently large, we have 

(2.29) 4 > cmm{L-',W'{U)-^/'^} 

for any set U C £,l with W^{U) < ^W^{(,l)- Passing to the function ip^^^ 
defined in (1.11), we arrive at the almost sure estimate 

(2.30) (f\(t)> cmm\—,—n — — ttttI- 

Since, from Assumption (A2), we know that VF*(Cl) ^ cL'^ almost surely, 
(2.30) immediately implies the estimate in Theorem 1.1. 

Remark 4. For further applications related to the Palm distribution 
(see Section 5.5), we point out that the proof given above can easily be 
adapted to show that for every e > 0, there exists 5 > such that, V-a.s., 
for all < t < 1/2, 



(2.31) 



inf inf 777^ Y e"!^-^!' 



> Jmin 



for L sufficiently large, where 

6,L-i := ^ n A^,i,_i, A^,L_i := Al-i + z. 

We sketch below the argument needed to derive (2.31). 

Fix z e Ai, consider U C with W'{U) < \W\i^^L-i) and set C/^ := 

iz,L-i \ U . Replace, in the previous proof, Cl with Cl~2 and keep all the 
remaining notation (up to the above substitutions). Note that iz,L-i C 
^z,L-i C h-i and that, due to (1.5), 

(2.32) ciL^ < #(^-2) < #(6,L-i) < #(a) < 021" 
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for suitable positive constants ci,C2 which do not depend on z. Moreover, 
observe that (2.1) stih holds with replaced with Ci_2 and that, by choos- 
ing C-w sufficiently large, every CvK(log-L)^/''-cube included in must 
contain a point of ^ and hence a point of ^^2,1,-1 [see the derivation of (2.2)]. 

Consider the case H^*([/) > 7|S'| of Section 2.2.1. All of the arguments 
before (2.15) remain valid, but the explanation of (2.11) is now as follows: 
every X-cube in Cl_2 contains a point in C Cz.L-i and, in particular, 
if By is a J^-cube with By G n 5 it must be By n i,z,L-\ / and 
By nU^ = 0, hence By DU ^ and therefore By G S. In order to establish 
(2.15), we need to show that each strong special cube Vs contains points 
x,y such that x E U , y G and |x — y| < c((i)Ciy (logL)"'^/''. The arguments 
given in the proof of Theorem 1.1 need to be slightly modified by defining 
{Wi} as the family of Ciy(logL)^/'^-cubes included in Ai„2 and observing 
that each Wi must contain a point of S,z,L~i, while the set Vg \ A/,_2 is very 
thin since it is included in A^, \Al^2- Having (2.15), (2.17) is derived as in 
the proof of Theorem 1.1. Neither the case W''(JJ) < 7|5| of Section 2.2.1 
nor the conclusions of Section 2.2.3 need any additional modification. 

3. Upper bounds on mixing times. We are going to prove Theorem 1.2. 
We start by recalling the so-called spectral profile function and its use in 
bounding mixing times [11]. For models i = l,2, 3, for any U C ^l, define 

(3.1) X\U)= M 

f&c+{U) Vari(/) 

where Cq{U) denotes the set of functions ^ M such that / > and 

f{x) = for all X £ = ^l\U . Recall that ul := min-cg^^ z/*(rc). The spectral 
profile function A* : [z^*, 00) ^ M is defined by 

(3.2) A\r)= inf A*(;7). 
The main result in [11] can be restated as follows. 

Lemma 3.1. For every i = 1,2,3, the mixing time t^{L) satisfies 

r4e fir 



(3.3) t\L)<2 f ' 



rA*(r)' 



Lemma 3.1 is contained in Theorem 1.1 of [11], which is a general result 
for continuous-time Markov chains with finite state space. The next step 
is to bound the spectral profile in terms of our isoperimetric profile (/j}^. 
Namely, we need a bound of the form 

(3.4) A\r)>6ipi{rf, re[K,l). 

We shall obtain this bound for models 2 and 3. There is a technical diffi- 
culty in obtaining the same estimate for model 1, so we shall treat this case 
separately. 
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3.1. Models 2 and 3. The estimate (3.4) is derived in Lemma 2.4 of [11] 
for the case of Markov chains with generator C of the form K — 1, where K 
is a stochastic matrix. Note that is of this form for models i = 2,3. We 
shall give the details in the next lemma for the reader's convenience. 

Lemma 3.2. For i = 2,3, we have 

(3.5) A\r)>^ipl{r)', rG[K,l). 
Moreover, 

(3.6) y(L)<2(a>'^)-2, i = 2,3. 

Proof. Let f ^+ be a nonnegative function. Set Ft = {x £ : f{x) > 

t}. Then, 



roo 

(3.7) J^H/)= E ^^(^)/(^)= / ^'iFt)dt. 



Set Q\x,y) := u\x)C{x,y) and Q\U, V) := E.eU,yev QHx,y) for any U,V C 
^L. Note that, for any i = 1, 2, 3, Q^{x, y) = Q^{y, x). We then have 

E \fi^)-fiy)\Q\^,y) 



(3.8) 



2 E [f{^)-f{yW{x,y) 
x,ye^L-f{x)>f{y) 

roo 

E Q\x,y) hf{^)>t>f{y)}dt 
x,y&a:fix)>fiy) 

2/ Q\FuF^)dt. 
Jo 



Now, recall that 



If f[x) =0 for all X gU'', then Ft C U for all t > and therefore Pp^ > 
'^\{u^{U)). From (3.8) and (3.7), we have thus obtained 

;>oo 

E \f{x)-f{y)\Q\x,y)>2^l{u\U)) u\Ft)dt 

Jo 

(3.9) . . 

= 2^Uv\u)y{f) 
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for all / G Cq{U). For any such /, we may apply (3.9) to G Cq"([/) to 
obtain 

2ipl{i.\U)y{f)< ^ \f{x)'-f{y?\Q\x,y) 

= E \fi^)-fmf{^) + f{yWi^,y) 



( 



where we use Schwarz' inequality and the symmetry of Q*. 

Now, observe that, for i = 2,3, we have J2ye^L ■. yj^x ^ v) ^ 1 fo'^ every 
x, so 

E fix?Q\x,y)l,^y<,.\f) 

in these cases. This shows that, for z = 2,3, 

(3.10) 2^ii,.\U)yif) < {2£df)Yl\^v\f)f/\ 
Therefore, from (3.1) and (3.10), we see that 

(3.11) X\U)> inf ^ll->\^iy{U)f. 

Returning to the profile functions, we have A*(r) > ^^^ir)"^ for any r € 
[i^* , 1). In a similar way (see Remark 2.1 in [11]), one proves that the Poincare 
constants 7*(L) satisfy (3.6) for i = 2,3. □ 

Remark 5. The only difficulty in obtaining the same type of estimates 
for i = 1 is that the sum Z^ye^^ : y^x ^^i^i y) cannot be given a uniform upper 
bound. This is where the third model {i = 3) becomes useful; see Section 3.2 
below. 

We are now able to prove Theorem 1.2 for i = 2,3. When r > ^, we can 
use the simple bound A*(r) > (7*(L))~^ > ^i'^^Y (the first bound follows 
from the definitions, while the latter is implied by Lemma 3.2). Therefore, 
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as a corollary of Lemma 3.2 and Lemma 3.1, we obtain that for any L G N, 
the mixing times satisfy 

/■^^ dt 

(3-12) t'(L)<4/ -tttt^, 

where (p\{t) := if'iit) for t < i and ipi{t) := for t > i. 

To complete the proof, we take e = ^ in Theorem 1.1 and observe that, 
neglecting multiplicative constants, the integral in (3.12) can be bounded 
from above by 

fL-'/' dt /-i/a dt f^^ dt 

Note that vl > CL~'^~^ . Indeed, from Assumption (Al), we know that every 
cube Wx contains at least one point of [see (2.2)] and therefore, for every 
X £ £^L, we have 

for a < d. On the other hand, from Assumption (A2), we know that H^^'^(^l) ^ 
CL''. It follows that i/^''^(x) > CL~'^~^ for every x G ^l. This shows that the 
first term in (3.13) contributes at most 0(L log L). The second and third 
terms are both O(L^). This completes the proof. 

3.2. Model 1. We define the hybrid conductance profile 

UC(,L--#{U)<t#{iL) 

Note that (3.14) uses the conductance of model 3, but the infimum is over 
sets U such that ^"^{11) < t. 

Lemma 3.3. The estimate (1.12) of Theorem 1.1 holds for the hybrid 
profile ipiit). 

Proof. We repeat the proof of Theorem 1.1. From Lemma 2.2, we 
know that if W^{U) > j\S\, then ifj > L~^. Let 7,e be the two constants 
introduced above. All we then have to prove is the result of Lemma 2.3 
adapted to our case. Namely, we need to show that for every U C S,l such 
that #([/) < i#(a) and W^{U) < j\S\, we have 

(3.15) 4>5min{L-^#(C/)"l/'^}. 

To prove (3.15), observe that we can again use the bound (2.21). More- 
over, thanks to (2.22), we know that \S\ < C^{U). Therefore, under the 
assumption |5| <a\CL\, we have 

K6{l-a) . r 1 1 



III > — min 



7a lC#(C/)Vrf' (logL)'^/('^"i) 
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It remains the case that \S\ > a\CL\. Here in the subcase |T| > 2(1 — a)|CL|, 
things are handled exactly as in Lemma 2.3 and we have the bound > 
— a)/7 as in (2.26). In the subcase \T\ < 2(1 — a)|Ci| , we use the fact that 
W^iU^) > #(J7^) > i#(eL) > S\Cl\. Therefore, we obtain W^iU'') > -f\T\ 
for a sufficiently close to 1 [see (2.27)]. Now, observe that by Assumptions 
(Al), (A2) [see (1.5)] and the bound W^iU"") > ^#(a) as above, we have 
the uniform almost sure bound 

In particular, > clfjc, and the claim follows as in the proof of Lemma 2.3; 
see (2.28). □ 

We turn to the proof of Theorem 1.2 for model 1. Using Lemmas 3.1, 3.3 
and the arguments in (3.12) and (3.13), it will be sufficient to establish the 
following lemma. 

Lemma 3.4. There exists c> such that, V-a.s., for L sufficiently large, 

(3.16) AHr)>cMrf, re[i^l,l). 

Moreover, there exists C > such that, V-a.s., for L sufficiently large, 

(3.17) j\L)<CL\ 

Proof. The proof of (3.16) is similar to the proof of (3.5). We shall use 
the same notation below. Namely, as in (3.8), we have, for / G Cq{U), 

E \f{x)-f{y)\Q\x,y) = 2 QHFt,F,')dt. 
x,yeiL ° 
Now, observe that 

Q\Ft,Ff) = Q'iFt,F,^)^^^ > Q\Ft,F^) = I%y{Ft). 

It follows from definition (3.14) that 

Q\FuFf)>Ily{Ft)>^l,L{u\Ft)y{Ft)>^L{^\U))u\Ft). 
Therefore, (3.9) becomes 

Next, repeating the argument after (3.9), we obtain that for any / G Cq{U), 

(3.18) 2i^L{^\U)y{f') < {2£i{f))'^'U E f{xfQHx,y)l,A ' . 
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Using Assumptions (Al), (A2) [see (1.5)] and the definitions (1.6), we have 

(3.19) ^|:tf(,,)u,,,.^<^<C.= ,.,. 

Moreover, there exists Ci > such that for any x € ^l, we have 

(3.20) i/^(x) <Ciz^3(x), x^iL, 

V-a.s., for L sufficiently large. Indeed, note that i^^ (x) / (x) is given by 
^ ■ Since w^yi, the claim (3.20) follows from ^^^^^ < Ci, which is 

a consequence of Assumptions (Al) and (A2). From (3.20), we have z^^(/^) < 
CW^if'^) for any /. In particular, combining (3.18) and (3.19), we have 
obtained the estimate 



(3.21) M''HU))<C\ 



I Mil 



for any G Cq{U). This implies our claim in (3.16). 

The proof of (3.17) is a consequence of the comparison estimates 

(3.22) Vari(/)<C7Var3(/), 

(3.23) £3{f)<C£,{f), 

which imply that ^^{L) < C'^^^{L) [and J^{L) < CL?' follows from (3.6) and 
Theorem 1.1]. To prove (3.22), we use (3.20): 

Vari(/) < v\{f - v\f)f] < Ciu^f - i^^if))'] = C, Var3(/). 

The proof of (3.23) is as follows. From Assumptions (Al) and (A2), we have 
^^^l^-j < C- Therefore, for y ^ x, 

^\x)C\x,y) = > f^"^^^ = C~^Ax)C\x,y). 

This implies that 8i{f) > C~^£-i{f) for any /. □ 

4. Proof of Theorem 1.3. We start with the subdiffusive behavior (case 
a> d oi a = d and p small). We show that, "P^^p-a.s., 

(4.1) ^l<L-^'\ 

for L sufficiently large, where <I>^ is Cheeger's constant and 6 can be taken 
arbitrarily small (in the case a = d, this requires that p is accordingly taken 
to be small). The claims about the Poincare constant (1.27) and (1.28) will 
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then follow from the simple bound ^^{L) > ^{^i) ^, which, in turn, follows 
from 

Var,(lc/) 1 - i^'jU) 
l{L)> sup — — — = sup -■ . 

As we see below, the bound (4.1) is a consequence of trapping in isolated re- 
gions. For models 1,3, this can already be achieved at single isolated points. 
For model 2, we need at least two neighboring points isolated from the rest 
to produce a subdiffusive behavior. We are going to analyze these situations 
separately. 

4.1. Case a> d. Models 1,3. To prove (4.1), we observe that, V^^p-a.s., 
for L sufficiently large, at least one of the Cvi/(logL)i/'^-cubes C Al 
has the property that there is exactly one point in ^ n Wx such that 
d{x^,W^) (Euclidean distance from x* to the complement of Wx) is larger 
than iCvK(logL)^/'^. Indeed, let W be a given Ciy (log L)^/'^-cube and denote 
by w the unit cube with the same center as W but with volume 1. Let E 
denote the event that ^(w) = 1 and S,(W \ w) = 0. Then, 

r,,p{E) = v,,p{({w) = i)v,,Mw \w) = o) 

(4.3) = pe-Pe-P^w^'^sL ^.q^ 

Since there are L'^/C{y logL-cubes Wx in Aj^, the probability that there is 
no Wx C Al with the property above is bounded from above by 



(4.4) (1-g)-^ /^w^i°g^<exp 



C^logL 



For every p> 0, we can find sufficiently small Cw such that, for example, 
qL"^ > L'^/^, which implies that (4.4) is summable. Therefore, our claim about 
the existence of the point follows from the Borel-Cantelli lemma. 

Once we have the point x* as above, we can choose U = {x*}. It is simple 
to check that v^ {U) < 1/2, P-a.s., for L sufficiently large. Hence, < 
Moreover, since W'^iU) > W^iU) = 1, we have ifj < ijj. In conclusion, for 
i = 1,3, 

(4.5) <!>! <Ih<lh< e(AL)e-(V4CM.(iogL)Vd)'^^ 

Since a> d and £,{Al) = 0{L'^) almost surely [see (1.5)], this concludes the 
proof of (4.1). 
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4.2. Case a > d. Model 2. Here, we use the fact that at least one of the 
Cw i^og L)^/'^-cuhes Wx C has the property that there are exactly two 
points in £^ n such that both d{x^^Wx) and d(y*,W!^) are larger 
than iCi4/(logL)^/'^ and such that is bounded by Namely, let 
Vl^ be a given Ciy(logL)^/'^-cube and denote by w the unit cube with the 
same center as W , as in the argument given above. Let E' denote the event 
that i{w) = 2 and i{W \w)=Q. Then, 

V,,p{E') > V.,M^) = 2)V,,MW) = 0) 

(4.6) 

For a fixed p, we can choose Cw sufficiently small in such a way that 

<^-^' -(-to) 

becomes summable. Therefore, by the same arguments as above, the almost 
sure existence of the points x*,?/* follows from the Borel-Cantelli lemma. 

Given the points as above, we observe that, choosing U = 

we have W'^{U) > 2e~l^*~3'*l° > 6 for some 6 = 6{a,d). However, for z 
and z € W^, we have \z — z'\ > jCw {^og L)^ ^ . It is simple to check that 
i^'^{U) < 1/2, "P-a.s., for L large. Hence, we can conclude that 

(4.8) < 4 < le(AL)e~(V4Cw■(l°g^)'^')^ 
As in (4.5), this implies the subdiffusive estimate (4.1). 

4.3. Case a = d at small density. Models 1,2,3. We now turn to the 
case a = d. Here, the constant Cw of the Cvi/(logL)^/'^-cubes Wx plays an 
important role. In this case, we proceed with the same arguments leading to 
(4.1) in the case a> d. Namely, however large the constant Cw, using (4.3) 
and (4.6), we see that if p is suitably small [e.g., p < d/ (2C^)], then we can 
find the desired point or the couple {x^,y^}, as in the cases discussed 
above, with probability 1. Then, as in (4.5) or (4.8), for any i = 1,2,3, 

(4.9) $i < 4 < C7^(AL)e-(^^/^')'°si. 

Since Ci^i) = 0{L'^) almost surely, (4.1) follows by taking Cw sufficiently 
large (and p sufficiently small). 

4.4. Case a = d, at high density. Models 1,2,3. To prove the claim for 
p large, we use the same argument as in the proof of Theorem 1.1. Recall 
that the only place where the constant a had a role in that proof was in 
Lemma 2.2. As explained in Remark 3, in the case a = d, we need to take 
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Cw sufficiently small so that (2.9) holds with, say, £ = 2- Also, note that 
this value of e in the estimate for the isoperimetric profile ip^^^ in (1.12) is 
sufficient to prove the desired estimates on mixing times; see (3.13). 

Therefore, we need only exploit the fact that if p is suitably large, then 
Cw can be small and we still have that, almost surely, all Cwi^ogLy^^- 
cubes Wx C Al intersect ^l; see (2.2). This is possible because if Wx is a 
CH/(logL)^/'='-cube, then 

^*,p(e(W^x.) = 0) = e-''^Ji'i°s^. 

Therefore, the probability that there exists one such cube with £,{Wx) = 
and Wx n Al 7^ is bounded above by 

^dg-pC^logL_ 

Thus, the Borel-Cantelli lemma shows that it suffices to take p > {d + 
1)/C^. This completes the proof of Theorem 1.3. 

5. Examples. We are going to describe conditions that guarantee the 
process V satisfies Assumptions (Al) and (A2). To check the stochastic 
domination requirement (Al), a very useful criterion is provided by one of 
the main results of [15], which can be reformulated in our setting as follows. 
Recall that Bx,x G Z*^ are the cubes of side K and that ax is the indicator 
of the event ^{Bx) > 1. For every x G Z*^ and D >0, let Ud,x denote the set 

UD,x = {y£^'^-\y-x\>D}. 

Lemma 5.1. Suppose that there exist D > such that for all x G Z*^, 
(5.1) Viax = l\a = C on Ud,x)>P 

for V-a.a. C, G {0,1}^'', where p = p{D,K) is such that limK-*oop{D,K) = 
1. Then there exists p = p{D,K) with limx^oo piD, K) = 1, such that the 
random field {ctx} stochastically dominates the product Bernoulli process 
with parameter p. 

Proof. This is a special case of Theorem 1.3 in [15]. □ 

Concerning Assumption (A2), we know that it is satisfied by any process 
V such that V :< V^^p for some p> 0. This is proved in Appendix A, Propo- 
sition A.l. More generally, we expect that Assumption (A2) is satisfied by 
any V which is stochastically dominated by a process V with good mixing 
properties, for example, exponential tree decay of correlations. We turn to 
some specific examples. 



RANDOM WALK ON A RANDOM POINT PROCESS 



27 



5.1. Poisson processes. Suppose that V = V^^p is the homogeneous Pois- 
son point process with intensity /? > 0. Assumption (Al) then is obviously 
satisfied since Ci^x) are i.i.d. Poisson random variables with parameter pK'^ 
and ax are independent Bernoulli variables with p = 1 — e~^^'^ . It follows 
that Assumption (Al) is satisfied by any V such that V ^ 'P*,p for some 
p > 0. Moreover, Assumption (A2) is satisfied by any V such that V :< V^^p 
for some p > 0. In particular, if V is any process such that 

(5.2) ^V^ V,,p, 

with some < pi < p2 <oo then both Assumptions (Al) and (A2) hold. The 
domination (5.2), holds in particular, for nonhomogeneous Poisson processes 
with intensity function ip{x) such that pi < ip{x) < p2 (see, e.g., [12]). 

5.2. Thinning of point processes with uniform bounds on the local density. 
Consider a point process ^ such that, "P-a.s., 

(5.3) 1 < C(£x + Ai)<n Vx G Z"^, 

for suitable constants n,£ > 0, where A^ = [— |, ^]'^. Given p G (0, 1], let ^ 
be the p-thinning of ^, that is, ^ is obtained from ^ by erasing points of ^ 
independently with probability 1 — p. Note that £,= if p = 1. The process 
^ can model both crystal/quasicrystal structures {p= 1) and their variants 
due to defects [p £ (0,1)]. Trivially, ^ satisfies Assumptions (Al), (A2). A 
typical example of point process ^ is given by the diluted Z'^, defined as the 
p-thinning of ^ = Z'^. 

5.3. High-temperature/low- fugacity gas. Consider a Gibbsian random 
point field described by the formal Hamiltonian function 

(5.4) H{i)= J2 ^(x-y), 

where 99 : M'^ ^ M is an even function (the two-body potential). It is known 
that under suitable hypothesis on ip and for sufficiently small values of the 
inverse temperature (3 and of the fugacity A, one can apply cluster expansion 
techniques to obtain a well-defined Gibbs field Vp^x in the usual DLR sense 
[24]. We now consider the case of nonnegative finite range potentials in 
detail. We comment briefly on other models afterward. 

5.3.1. Nonnegative, finite range potential. Suppose that (/3:R'^^M is a 
measurable even function such that > and '^{x) = for |x| > for some 
i? < 00. A uniformly convergent cluster expansion for such functions that has 
been obtained by several authors. In particular, at sufficiently small values of 
/3, A, there exists a unique Gibbs measure V = Vp^\ for the interaction (5.4). 
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In [26], this is derived, together with exponential clustering properties for 
the random field V that hold uniformly in the boundary conditions outside a 
given region. We write V]^ for the Gibbs measure in a bounded Borel subset 
A C M*^ with boundary condition -q as follows. Let denote the set of finite 
subsets of A, endowed with the u-algebra generated by the counting 
functions Na ■ £, HA), Ac A. Then, if / is a measurable function on 

r^A, we define 




f{uj)duj, 



where / has been identified with a symmetric function on IJ^^gA", is 
the normalizing constant and, for any finite u; C A and any locally finite 

(5.6) Hi{u)= J2 ^i^-y)- 

{x,3/}CaJU(r)nA'=) : 
{x,y}r\A^0 

The following estimates have been established in [3], Corollary 2.4 and Corol- 
lary 2.5, based on the expansion presented in [26]. We give some preliminary 
notation. The support of / is the smallest A such that / is measurable and 
is denoted by Aj. Moreover, Aj stands for its Euclidean enlargement by R, 
where R is the range of the interaction, that is. A/- = {x G M*^ : d{x,Af) < R}. 
For any r],T £ Q, we set rjAr = (rj U t) \ (r] f) t) for the symmetric difference. 
Corollary 2.5 of [3] is then stated as follows. 

Lemma 5.2. Let /3, A be such that 

(5.7) r^#7m<l' '(f^)--=^f (l-e-^^^^^)dx. 
1 - 2Xe{fi) J^d 

There then exist C < co and m > such that for any bounded A C M*^, 
any local function f and any pair of boundary conditions rj,T satisfying 
d{Af,riAT) > 3R and \Af \ < exp [m{d{Af,r]AT) — R)], we have 

(5.8) |Ep.[/] -Ep.[/]| <c(^supE^,,[|/|])e-™'^(^/'''^-). 

The above result implies, in particular, that for /5, A satisfying (5.7), the 
Gibbs field V = Vp^x is unique. Moreover, Vp^x is stationary and ergodic. 

Lemma 5.3. Assume (5.7). The Gibbs measure V = 'Pp^x then satisfies 
Assumptions (Al) and (A2). 
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Proof. We start with Assumption (A2). This fohows from the stochas- 
tic domination Vp^\ ^ "P^^Ai which is a consequence of nonnegativity of ip 
(repulsive interaction); see [12]. 

We turn to the proof of Assumption (Al). We shall establish (5.1) for the 
Gibbs measure V. Let us first observe that from ergodicity, it follows that 
T-'if^x = 1)— >1 as K ^ oo. We then use Lemma 5.2 to obtain the desired 
estimate in (5.1). Note that if |x — y| > D with D sufficiently large, then 
d{B.j,,By) > DK/2 for all K. Let A = K{D, K) denote the set 

A = {z G M'^ : d{z, B^) < DK/2}. 

We write 

(5.9) V{(J^ = 1\cj = CoxiUd,x)= J ¥.T,r,[a^]V{dri\a = Con Ud,x). 

From (5.8), taking / = ax, Aj = Bx and A = A{D,K), we see that for K 
sufficiently large, K-pv [ax] > E-p^ [ax] — Ce~^^^/'^ for any pair of boundary 
conditions r/,r, with some independent constant C. It then follows that 

uniformly in rj. Therefore, using (5.9), we obtain 

(5.10) V[ax = Ik = C on Ud,x) > ^v[<yx] - Ce-'"^^/^^ 

The claim now follows from E-p[cj^] = 'P{ax = 1)^1 as K ^ co. This com- 
pletes the proof of Assumption (Al). □ 

Remark 6. All of the above examples fulfill Assumptions (Al) and 
(A2) for every a > 0. Hence, due to Remark 1, there exists C > such that 
7^(L) > CL^, P-a.s., for L sufficiently large. 

5.4. Other examples. We expect Assumptions (Al) and (A2) to hold 
for Gibbsian fields Vp^\ whenever one has a uniformly convergent high- 
temperature/low-fugacity expansion with clustering properties that hold 
uniformly in the boundary conditions, as in Lemma 5.2. The latter is known 
to be the case for some models with multibody interactions under the as- 
sumption that the pair potential ip satisfies ip{x) = +qo for \x\ < Rq, for 
some i?o < oo (hard-core interactions) and under some mild additional as- 
sumptions [23] (in particular, one can remove the positivity and finite range 
requirement on (p). For more general models with only pair interaction, such 
as the one considered in [14], where p is only assumed to be stable and ex- 
ponentially decaying at infinity, the clustering property derived in Theorem 
2 of [14] is not sufficient to establish Assumptions (Al), (A2) here because 
of the lack of uniformity in the boundary condition. In particular, a uniform 
result, as in Lemma 5.2, is not available in this case. 
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Finally, it would be interesting to investigate the validity of Assumptions 
(Al) and (A2) in other classes of point processes. The class of determinan- 
tal processes received much attention recently (see, e.g., [1] and references 
therein). Due to the negative association property of these processes (repul- 
sion), the most delicate issue here seems to be Assumption (Al). We are not 
aware of results in this direction for determinantal point processes in the 
continuum. On the other hand, for lattice determinantal processes, simple 
explicit criteria are known for stochastic domination from above and from 
below in terms of i.i.d. Bernoulli random variables [17]. 

5.5. Palm distribution. In [10], the authors consider a random walk on 
the support of a marked simple point process whose jump rates decay ex- 
ponentially in the jump length and depend via a Boltzmann-type factor 
on the (energy) marks. The law of the process is the Palm distribution as- 
sociated with a stationary ergodic marked simple point process. Since the 
Boltzmann-type factor in the marks is bounded from above and below by 
positive constants, the estimates of Cheeger's constant, spectral gap and 
mixing time for the random walk confined in a cubic box of side L reduce 
to the case of zero energy marks and are hence covered by the following 
discussion. 

Recall that Q. denotes the Borel space of locally finite subsets ^ C M'^, 
endowed with the u-algebra J- generated by the counting variables N\{S^) = 
#(.^ n A), and define as the Borel subset of given by the subsets ^ 
containing the origin. Given a stationary simple point process on with 
law V and finite intensity p, that is, 

p:=Ep(e(Ai))<oo, 

the associated Palm distribution Vq is the probability measure on such 
that 

(5.11) Vo{A) = - f V{di) XAir^O C Borel, 

where Ai = [— i, i]"^, = ^ n Ai, XA denotes the characteristic function of 
the event A and r^^ denotes the translated subset ^ — 2:. 

One can directly apply the results described in the Introduction to the 
case Vq. Since it is usually simpler to deal with the original law V than with 
the associated Palm distribution Vq, it is useful to obtain results for Vq 
under suitable assumptions on V instead of Vq. We prove that if V satisfies 
Assumptions (Al) and (A2), then the conclusions of Theorems 1.1 and 1.2 
still hold for Vq. 
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Lemma 5.4. Suppose that V satisfies Assumptions (Al) and (A2) and 
that a < d. For every e > 0, there exists 6 > such that for all i = 1,2,3, 
Vo-a-s., 

(5.12) ^5.(t)>5niin|-l,^|, 0<t<^, 

for all L sufficiently large. In particular, there exists C < oo such that, Vq- 
a.s., 

(5.13) $l>5L-\ 

(5.14) t\L) < CL^ 
for all L sufficiently large. 

Proof. As discussed in Section 3, (5.13) and (5.14) are a consequence 
of (5.12). In order to prove (5.12), consider the event As^e^Lq given by the 
subsets ^ G $7 satisfying (5.12) for L > Lq, L G N. Due to Remark 4, given 
e > 0, there exists 6 > such that 

V{3Lo > : r,^ G As^^m for all z G Ci) = 1- 

In particular, due to (5.11), liniLg|oo 'Po(^<5,e,Lo) = 1) thus implying (5.12) 
for L sufficiently large Vo-SiS. □ 

APPENDIX A: ON THE VALIDITY OF ASSUMPTION (A2) 
Recall that, for any bounded Borel set A C M"', 
(A.l) Ra{0= E E^"'''"''"- 

Also, recall that Ag = [— |, ^]^, ^ G N, and that "P^^p denotes the homogeneous 
Poisson point process with intensity p > 0. 

Proposition A.l. There exists a constant c\ = ci{p,a,d) such that for 
every n G N, 

(A.2) r,,p{RA,>li'')<Cni-'"', V7>ci,£gN, 

where Cn is a finite constant depending on n and p, a, d. In particular. As- 
sumption (A2) is satisfied by any V such that V ^ P^^p for some p> 0. 

Proof. Let us first show that Assumption (A2) is satisfied by any V ^ 
V^^^p once we have the bound (A.2). For e > 0, recall the definition of the 
cubes = L^x + [0, L")'^, x G Z'^. Since Ry^ is an increasing function, it is 
sufficient to establish the bound (1.4) for P^^p. This, in turn, is an immediate 
consequence of (A.2) since a union bound shows that the probability that 
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at least one of the Vx in the partition of A/, is such that Ry^ > CL'^'^ for a 
sufficiently large constant C is bounded from above by 

Therefore, we can choose, for example, n = n(e) = to obtain that the 
probability of violating Assumption (A2) is summable in L G N and the 
claim follows from the Borel-Cantelli lemma. 

We turn to the proof of (A. 2). To simplify the notation, we shall use the 
convention that c, c',c",... stand for positive constants depending only on 
the parameters p,a,d and n (but not on i), whose values can change from 
line to line. 

We define 

where Qu := u + [—1/2, 1/2]'^, u G Z'^. It is simple to check that, for c = 
c(a, d). 

Hence, it is enough to prove Proposition A.l with Ra^ replaced by Se. 

Note that E^,^p[S'£] < cii'^ for some ci depending on p, a, d (here and below, 
E,,^p stands for expectation w.r.t. 'P*,p). Therefore, for 7 sufficiently large, 
we can write 

V.,p{S, > 7^'^) < K,p{S, - E.JSe] > (7/2)£'^) 

(A.3) 

< (7/2)-2"r2"'^E,,,[(5, -E,,,[5,])2"]. 
Thus, it will be sufficient to show that 
(A.4) E,,p[(5,-E.,p[5,])2«]<cr'^. 
Let us define 

io = ciQunQv) - iE*,p[e(Q«)e(Q.)]- 

We can then write 

E.,p[(S,-E..,|S,])2"] 



e 



-|Ml-l'l|"-|n2-'y2|" \u2,i-V2n\^ 



where the sum X)* is defined as 

r= E E - E E E - E ■ 

uiGAenZ'' U2eAenZ'^ U2„€AinZ'i viGZd v2eZ^ V2n&'^ 
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Note that if 

is not zero, then for each i G {1, . . . , 2n}, there exists j £ {!,..., 2n} with 
j such that {ui,Vi} D {uj,Vj} ^ 0. Indeed, if there is an isolated pair 
Ui,Vi, then the expression vanishes by independence. Hence, using the simple 
bound [for some c = c(n, p)] 

\'^*,p[Fui,Vl {0-Fu2,V2 {0 ' ' ' Fu2ri,V2n iO] I — 

Vni,U2, . ..,U2n,Vl,V2, . . ■ ,V2n, 

if we write J2** foi' the sum J2* restricted to ui, . . . , U2n,vi, . . . , V2n such that 
the property mentioned above is satisfied, we obtain the bound 

In order to complete the proof, we need to show that 

g'j ^~^**g-|Ml-?^l|"-|M2-f2r \u2n-V2n\°' ^ ^£nd 

Let us first observe that the contribution to the left-hand side of (A. 5) of 
addenda such that ||fj||oo > ^ for some i is bounded by some constant c. 
In fact, suppose, for example, that ||vi||oo > ^- Since ||^ti||oo < ^/2, we can 
bound 

\ui - fl| > c\\ui - filloo > c(||ui||oo - ||lil||oo) > c'^ + c"||wi||oo- 

Hence, 

^**x(lbilloo > £)e-i"i-'^ii"-i"2-«2r— -|n2n-^^2„r 



2n-l 



e 



<e E E 1'"^"^ E E 

< ce-'^'^^^^dn < ^///^ 

Using this observation, it is enough to prove (A. 5) when the sum J2** is 
restricted to vi,...,V2n in [—i,£YriZ'^. Of course, we may also extend to 
ui, . . . ,U2n £ [~^)^]'^ n Z*^. Hence, Proposition A.l follows from Lemma A. 2 
below. □ 

Lemma A. 2. LetJ2* denote the sum over ui,U2, ■■■ ,U2m'i^i,V2, ■■■ ,V2n 
in \—l^Pf'^TL^ such that for each z G {1, . . . ,2n}, there exists j G {1, . . . ,2n} 
with i^ j and {ui,Vi} n {uj,Vj} ^ 0. Then, 

^*g~|"l-fir-|M2-t'2|" \u2n~V2n\'' ^ ^£nd 



34 



P. CAPUTO AND A. FAGGIONATO 




Fig. 4. Example of a graph Q £ 0{i,2,...,6} • 



Proof. The proof is based on a combinatorial argument and it is con- 
venient to start by explaining the needed graph-theoretic notation. Given 
W C N+, we denote by Qw the family of oriented graphs with \W\ edges 
{\W\ is the cardinality of the set W) such that: 

(1) each edge is oriented and labeled by a number i (different edges 
are labeled by different numbers); 

(2) each connected component contains at least two edges. 

See Figure 4 for an example. We shall take W C {l,...,2n} and will 
use a graph in @\y to describe the dependence structure between points 
{ui , vi) , . . . , {u2n, V2n) , as explained below. Graphs in @w are thought of 
up to isomorphisms, that is, up to bijective maps from the vertex set of 
one graph to the vertex set of the other that conserve the orientation and 
labeling of the edges. 

To a graph Q £ @w, with W C {1,2, . . . , 2n}, we associate the family Q,g 
of labeled oriented graphs G satisfying the following properties: 

(1) G is isomorphic to Q; 

(2) G has vertex set {ui}i^w ^ {vi}i£W, where Ui,Vi G [—(.,£\'^n'Z'^; 

(3) for each i G W, Ui is connected to Vi by the oriented edge (from Ui to 
Vi) labeled by i. 

With these definitions, it becomes clear that terms in the sum J2* defined 
in Lemma A. 2 can be enumerated by first enumerating all graphs Q G @Wj 
with W = {1, . . . , 2n}, and then enumerating all graphs G £Qg correspond- 
ing to that Q. For instance, if n = 3, the choice of the graph Q given in 
Figure 4 corresponds to the constraints ui = vi = V2 = ai,U2 = Vs = V4 = 
«2, lis = 1*4 = 03, M5 = 04, 115 = ue = as, V6 = ae, with arbitrary distinct points 



ai,...,aee[-e,£\''n: 

implies that Ui^ lUi^,. 



In general, the fact that Q and G are isomorphic 



and V 



must all coincide whenever 



there exists a vertex a of the graph Q such that the oriented edges labeled 
by ii, . . . , ifc exit from a and the oriented edges labeled by ji, . . . ,js enter in 
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a. Given G G fig, we define 

(A.7) F{G) = n 



g-IUi-Dil" 



In particular, in the case of Figure 4, we would obtain 

F{G) = E n e-l^'-^^l^xK = v,=V2 = ai, 

all distinct U2=Vs = V^ = a2, 

U3=U4 = a3,U5 = a4, 

V5 = U() = a5,VQ = ae). 

In general, thanks to the above definitions, we can write the sum in Lemma 
A. 2 as 

(A. 8) ^*g-|«l-fir-|"2-t'2|" \u2n-V2n\°' = ^ E ^ ' 

6G6{i,2,...,2n} Geflg 

Next, note that if Qi,Q2, ■ ■ ■ ,Gk are the connected components of a given Q, 
then 

(A.9) E ^(G) = nf E ^(G)]. 

GeUg i=i \Geng^ ) 

By definition, each connected component of any graph Q G S{i,2,...,2n} must 
contain at least two edges. Since Q in (A. 8) has 2n edges, the graph Q has 
at most n connected components. Thus, the number k in (A.9) is not larger 
than n. Also, note that the number of graphs Q £ 0{i,2....,2n} only depends 
on n. Thanks to (A. 8) and these last observations, in order to complete the 
proof, it is enough to prove that 

(A.IO) E F(G)<ci^ 

G&.g 

for each connected graph Q G Giy, for any C {1, 2, . . . , 2n). 

Fix a connected graph Q G and let m denote the number of its vertices. 
Note that if m = 1, then (A.IO) follows immediately. Thus, we will assume 
that m > 2. Denote by Q' an arbitrary spanning tree of that is, a connected 
subgraph of Q with the same vertex set which has no cycles. Let Vlgi denote 
the corresponding family of graphs, as defined above. Since Q' is obtained 
from Q by removing some edges (if necessary), from the definition (A.7) we 
have 

E nG)< E nG)- 

G&lg Geflg, 
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Hence, it is enough to prove (A. 10) when ^ is a tree. 

We prove this statement by induction over the number m of vertices of 
the tree G. If m = 2, the statement is straightforward since 

J2 FiG)= e-l"i-''il" =0(^'^). 

Suppose, now, that m > 2. Take a leaf a of G, that is, a vertex that is 
connected to only one other vertex b by an edge e = {b,a) or e = (a, 6). 
Consider the new tree Q obtained from G by removing the vertex a and the 
edge e. Then, 

F{G)<Y. F{G)( Y e-K6)-l"), 

where w{G) is the vertex of G corresponding to the vertex 6 in ^ via the 
isomorphism between Q and G. The last factor in the expression above is 
bounded by J^zeZ'' e"'^'" < oo. Therefore, 

E nG)<c Y F{G). 

Since the number of edges in G is at most 2n, we can iterate this estimate 
down to the case m = 2 and the proof is complete. □ 

APPENDIX B: PERCOLATION RESULTS 

In this appendix, we prove some properties concerning the maximal open 
cluster in a finite box for site percolation with parameter p close to 1 . Similar 
results hold for each supercritical p; see [22]. For the reader's convenience, 
we give a simple and essentially self-contained proof for the case of large p. 

We consider site percolation on Z*^, d>2, that is, we have i.i.d. Bernoulli 
random variables uj{x),x G Z'^, with parameter p € (0, 1). As usual, a point 
X is said to be open if ui{x) = 1, dosed if u){x) = 0. We denote by Bn the box 
{1,2,..., n}'^ and consider the natural graph structure inherited by Z"^, that 
is, two points x,y £ Bn are joined by an edge iff \x — y\ = 1, where \x — y\ 
denotes Euclidean distance. A set A C Bn will be called Bn- connected if it 
is connected with respect to this structure. Moreover, a set A C Bn is called 
2- connected if for every x,y G A, there exists a path x = zi, . . . , Zm = y such 
that Zi £ A and \zi — Zj+i | < 2 for every i = 1, . . . ,m. For A C Bn, we define 
doo{A) = max{||x — y\\oo,x,y G A}, the diameter in the £oo-norm. The Un- 
connected components of the set of open vertices in Bn are called open 
clusters or simply clusters. We introduce the events An, Bn and Cn{K) as 
follows: An is the event that there exists at most one open cluster C in Bn 
such that dcx}{G) > [n/10]; Bn is the event that there exists an open crossing 
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cluster in Bn, that is, an open cluster intersecting all of the faces of Bn; 
given K E (0, 1), Cn(K) denotes the event that there exists an open cluster in 
Bn with at least nn'^ points. 

We denote by A^A the maximal number of open left-right crossings of Bn 
in the jth direction, that is, for the maximal number of disjoint open paths 
connecting Bn' "* := {x G Bn ■ xj = 1} to Bn'^^ := {x G Bn ■ xj = n}. Recall 
(cf. Theorem 7.68 and Lemma 11.22 in [13]) that if p is sufficiently large, 
then there exist positive quantities K{p) and ^(j>) such that for each j and 
each n > 1, we have 

(B.l) P(iV^^) < K(p)n'^-i) < e-^(P)"''"\ 

Note that in [13], the proof is given for bond percolation, but it can be easily 
adapted to site percolation. Moreover, from the proof, it is simple to derive 
that limpii k(j)) = 1. 

Lemma B.l. Fix k G (0,1). Then, for p <\, sufficiently large, there 
exists a positive constant c such that 

P(Ana„nC„(K))>l-e~^" Vn>l. 

Proof. Let us first prove that An, the complement of An, has exponen- 
tially small probability if p < 1 is sufficiently large. To this end, thanks to 
(B.l), we may assume that there exists an open cluster Ci in Bn intersecting 

both Bn' ^ and Bn'^\ Clearly, doo(Ci) > [n/10]. Suppose, then, that there 
exists another open cluster C2 of diameter larger than [n/10]. By a rather 
standard Peierls-like argument, we are going to show that this implies the 
existence of a 2-connected closed set in Bn with cardinality larger than cn 
for some constant c > and that this latter event has exponentially small 
probability. 

Consider the set Bn \ Ci and denote by A the S^-connected component 
of Bn\Ci containing C2. We write Ai,A2,...,An for the remaining Bn- 
connected components of Bn \ Ci. Observe that Bn \ ^ is i?„-connected. 
Indeed, Bn\ A is the disjoint union of Ai,. . . ,An and Ci. Since Ci is Un- 
connected and each Ai is -B„-connected to Ci, it follows that Bn \ ^ is 
i?„-connected. 

Define dint A = {x G A:3y G Bn \ ^, |x — y| = 1}. We first observe that 
every x in dint A is closed. Indeed, any x G i9int^ has a neighbor y £ Ci such 
that \y — x\ = 1, so lo{x) = 1 would imply that x G Ci. 

Since A and Bn \ A are both i?„-connected, we have that dintA is 2- 
connected. The proof of this fact can be derived, for example, from the 
arguments in Appendix A of [20]. 

Next, we claim that 



(B.2) 



doo(5intA) > [n/10]. 
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Since C2 C A, we have doo{A) > doo{C2) > [n/W], that is, there exist a di- 
rection j and points x,y & A such that yj — Xj = doo{A) > [n/10] where 
Xj = min{x'j -.x'gA} and yj = max{x'j : x' £ A}. If 1 < xj and yj < n, then 
we must have x,y G di^tA and (B.2) follows. Suppose, now, that Xj = 1, that 

is, X G Bi^~^ (the case yj = n is handled in the same way). If Si^' \a^0, 
then there must exist a point z £ Bn' ^ \ A and a point x' E Bn' ^ H A such 
that \x' — z\ = \. In this case, x' £ i9int^; x'j = xj = 1 so that doo{dintA) > 
\\y ~ ^'Woo ^ Uj ~ Xj and (B.2) follows. It remains to check the case Xj = 1 
with Bn' ^ C A. Note that since Ci intersects Bn'^\ we must have j 7^ 1. 
Hence, we can exhibit points x',y' £ A with x',y' £ Bn' ^ and such that 
x'l = 1 and y'l = n. Therefore, we are in the case that we just considered 

above since now x'^ = 1 and Bn' \ A ^ . This completes the proof of 
(B.2). 

The above observations prove that there must exist a closed 2-connected 
set in Bn with ^00-diameter at least [n/10]. In particular, there exists a 
closed 2-connected set with cardinality at least cn for some constant c> 0. 
A union bound therefore gives that the probability of this event is, for p <1 
and n G N sufficiently large, bounded above by 

m>cn 

where we use the facts that the number of 2-connected subsets of Bn with 
cardinality m is bounded from above by ri'^e°'W^ for a d-dependent constant 
a{d) and that the probability that a given subset of Bn with cardinality m 
is closed is e"^^^^™ with I3{p) — > 00 as p — > 1. In conclusion, we have shown 
that An has exponentially small probability if p < 1 is sufficiently large. 
We turn to the events Bn and Cni^). In what follows, we take p < 1 

sufficiently large so that K,{p) > k. Let Wn be the event that Nn^ > Kn'^~^ for 
ah j, 1 < J < d. Due to (B.l) and since d > 2, we have that P(>V^) < de-^/^P^". 
Note that the event An implies that all of the open left-right crossings of Bn 
must belong to the same open cluster of Bn- If the event Wn is also verified, 
then this common cluster has cardinality at least m'^ and is a crossing 
cluster. Hence, for p <1 sufficiently large, 

P{An n Bn n Cn{K)) > P{An H W„) > 1 - P{A'J - P{W^) > 1 - e"'^" 

for a suitable positive constant c. □ 

Remark 7. A set of diameter m G N has less than (2m)'^ points. Hence, 
a set of at least nn'^ points has diameter larger than nK^I 12. In particular, 
taking (1/5)'^ < k < 1 in the above lemma and applying the Borel-Cantelli 
lemma, one obtains that if p < 1 is sufficiently large, then, a.s., there exists 
a unique maximal open cluster in Bn for n sufficiently large. Moreover, this 
unique maximal open cluster is crossing and has at least ku'^ points. 
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In what follows, in order to simplify the notation, we assume that given 
an integer n > 1 , the number ci log n is an integer and n is a multiple of 
ci logn. It is simple to adapt the result to the general case. 

Proposition B.2. Given n>l, partition Bn into cubes Cj, j G J, of 
side length ci logn. Consider a maximal cluster M{n) in B^- The following 
then holds for p < 1 sufficiently large: there exist positive constants k, c' such 
that if ci > c' , then, a.s., 

\M{n)nCj\>K\Cj\ yjeJ, 

for n sufficiently large. 

Proof. Let us consider the family {Qi,i £ 1} of cubes of side length 
cilogn included in Bn given by the cubes Cj, j E J, and by the cubes 
included in B^ obtained my translating each Cj by a distance [ci logn/2] in 
all coordinate directions. Note that |/| < 2d\J\ = 2dn'^/(ci logn)'^. 

Fix K such that (1/5)"^ < n < 1. By Lemma B.l and the Borel-Cantelli 
lemma, the following then holds for p < 1 sufficiently large and ci > (p) : 
a.s., eventually in n, i?„ has a unique maximal open cluster M(n) and, 
moreover, this cluster is the unique open crossing cluster and the unique open 
cluster of diameter larger than [n/10]; in addition, each cube Qi has exactly 
one open cluster Si of diameter larger than [ci log n/10], and this cluster is a 
crossing cluster with at least k(ci logn)*^ points. Due to this characterization, 
it is simple to check that if Qi H Qi' ^ 0, then there exists in Qi n Qi' an open 
path of length larger than [ci log n/10] which must necessarily be included 
in both Si and in Si', hence SiOSi' ^ 0. This implies that all sets Si are 
contained in the same open cluster of Bn, which, moreover, has diameter n. 
Hence, this common cluster must be M{n). Moreover, 

|M(n)nQi| > >K(cilogn)'^ Vi G /. □ 
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